We study the initial-boundary value problem for a nonlinear wave equation given by
Introduction
In this paper, we consider the following problem: Find a pair (u, P) of functions satisfying (1.4) u(x,0) = uo(x), = ui(:r),
where f(u,ut) = K\u\ p~2 u + X\ut\ q~2 ut, with p > 2, q > 1, K, A are given constants and «o, U\, F are given functions satisfying conditions specified later, and the unknown function u(x,t) and the unknown boundary value P(t) satisfy the following integral equation
(1.5)
P(t) = g(t) + tfiMO, i)| a_2 w(0, t) + AiK(0, t) t -\k(t -s)u( 0, s)ds,
o where K\, Ai, a, ¡3 are given constants and g, k are given functions.
In [2] , An and Trieu have studied a special case of problem (1.1)-(1.5) with uo = ui = 0, a = 2, Ai = 0, K\ > 0 and f(u,u t ) = Ku + Aut, with K > 0, A > 0 are given constants. In the later case the problem (1.1)-(1.5) is a mathematical model describing the shock of a rigid body and a linear viscoelastic bar resting on a rigid base [2] .
In [3] Bergounioux et al. studied problem (1.1), (1.4) with the mixed boundary conditions (1.2), (1.3) standing for t (1.6) ux
(0,t) = g{t) + hu(0,t) -\k(ts)u{0,s)ds, o (1.7)
u x (l, t) + Kmil, t) + AiUi(l, t) = 0, where h>0,K, A, K\, \\ are given constants and g, k are given functions. In [9] , Long et al. obtained the unique existence, regularity and asymptotic expansion of the problem (1.1), (1-2), (1.4), (1.5) and (1.7) in the case of p = q = a = 2, Ai = 0 and (uo, u\) € H 2 x H 1 .
In [10] , Long et al. gave the unique existence, stability, regularity in time variable and asymptotic expansion for the solution of problem (1.1)-(1.5) when a = = 2, f(u, ut) = Ku + A Ut and (uo, u i) € H 2 x H l .
In [11] , Long and Giai obtained the unique existence and asymptotic expansion for the solution of problem (1.1)-(1.5) when a > 2, ¡3 > 2, f(u, ut) = Ku +AUt, (uo,u\) 6 H l x L 2 . In this case, the problem (1.1)-(1.5) is the mathematical model describing a shock problem involving a nonlinear viscoelastic bar.
In this paper, we consider three main parts. In Part 1, under conditions (•u 0 ,ui) eVxL 2 , with V = {VE Hh u(l) = 0}, F € L 2 (Q T ), k e W 1 -1^, T), g € LF(0,T), K, K x > 0, A, A: > 0, p, a, f3 > 2, q > 1, ¡3' = (3(f3-1)~\ we prove a theorem of global existence and uniqueness of a weak solution (it, P) of problem (1.1)-(1.5). The proof is based on the Faedo-Galerkin method and the weak compact method associated with a monotone operator. In the case of ¡3 = 2, in Part 2 we prove that the unique solution (u, P)
The existence and uniqueness theorem
Put fl = (0,1),
The norm in L 2 is denoted by || • ||. We also denote by (•,•) the scalar product in L 2 or pair of dual scalar product of continuous linear functional with an element of a function space. We denote by || • ||x the norm of a Banach space X and by X' the dual space of X. We denote by 1^(0, T; X), 1 < p < oo, the Banach space of measurable real functions u :
< oo for 1 < P < oo, and IMlL°°(o,r;x) = esssup||u(i)|U for p = oo.
<t<T
respectively. We put The proof is straightforward and we omit the details.
• Without loss of generality we can suppose that Ai = 1. We make the following assumptions: 
Furthermore, if k € W 1 ' 1 (0, T) in (H2) and a = 2 or a > 3, the solution is unique.
REMARK 1.
(i) Theorem 2.2 gives no conclusion about the uniqueness of solution when 2 < a < 3.
(ii) The corresponding results in [10] and [11] are special cases of Theorem 2.2 with
Proof of Theorem 2.2. The proof consists of Steps 1-4.
Step 1. The Faedo-Galerkin approximation. Let {wj} be a (denumerable) basis of V. We find the approximate solution of problem (1.1)-(1.5) in the form um(t) = YJjLi c m,j(t)wj, where the coefficient functions cmj satisfy the system of ordinary differential equations
From the assumptions of Theorem 2.2, system (2.4)-(2.6) has a solution (um, Pm) on an interval [0, Tm ]. The following estimates allow one to take Tm = T for all m (see [5] ).
Step 2. A priori estimates. Substituting (2.5) into (2.4), then multiplying the j th equation of (2.4) by c'm-(t) and summing up with respect to j, afterwards, integrating with respect to the time variable from 0 to t, we get By assumptions (Hi), (#4) and the imbedding H 1 > C°(fi), we have
for all m, where C\ is a constant depending only on uq, u\, K, K\,p and a.
We shall estimate, respectively the following three integrals on the righthand side of (2.7). The second integral. We again use inequality (2.10) with e" = f, from assumption (#2), we have 
where Ct is a positive constant depending only on T.
Step 3. Limiting process. From (2.8), (2.16)-(2.19), we deduce the existence of a subsequence of {(um, PM)} still also so denoted, such that
weakly. We shall now require the following lemma. 
Then we have
Furthermore, ifuo = ui -0 there is equality in (2.31). The proof of Lemma 2.3 can be found in [1, 6] .
•
We now return to the proof of the existence of a solution of the problem (1.1M1.5).
It follows from (2.4)-(2.6), that x 0, T). Then by using the arguments of Minty-Browder (cf. Lions [8] , p. 172), we deduce that X = H q (u') and Xl 
The proof of existence is completed.
Step 4. Uniqueness of the solution. Assume now that k € H /1 ' 1 (0, T) in () and a = 2 or a > 3. Let («1, Pi), (u2, P 2 ) be two weak solutions of problem (1.1)-(1.5), such that 
Now, we consider two cases for a.
o By Gronwall's lemma, we obtain from (2.41), (2.43), that g = 0, i.e., Then, we have the following theorem. Step 2. A priori estimates. Proceeding as in the proof of Theorem 2.
2, we get, using assumptions (H[) -(H' A ) (2.50) S m (t) < C T , for all t G [0,T], for all m, where S m (t) is defined as (2.8) and CT is a constant depending only on T, Uo, ui, g, k, F, K, K\, p and a.
Now differentiating (2.4) with respect to t, it follows after replacing Wj with u'^it) and then integrating with respect to the time variable from 0 to t, we have after some rearrangements 
\\Pm\\m{o,T)<C T for all m,
where Ct is a posistive constant depending only on T.
Step 3. Limiting process. From (2.8), (2.50), (2.52), (2.56) and (2.57), we deduce the existence of a subsequence of {(u m , P m )} still also so denoted, such that 
Asymptotic expansion of the solution with respect to three parameters (K, A, K\)
In this part, we consider two given functions uq, U\ as uq, u\, respectively. Then we assume that /? = 2, p, q, a > N +1 and (uq, u\, F, g, k) satisfy the assumptions (H[) -(H' 3 ) . Let (K,\,Ki) G R+. By theorem 2.4, the problem (1.1)-(1.5) has a unique weak solution (u,P) depending on We consider the following perturbed problem, where K, A, K\ are small parameters such that, 0 < K < K*, 0 < A < A*, 0 < K\ < Ku- 
Let us consider the sequence of weak solutions (u 7 , P 7 ), 7 G Zij_, 1 < I7I < N, defined by the following problems:
where F 7 , P 7 , |-y j < N, defined by the recurrence formulas 
1<| 7 | <N
Then, we have the following lemma. We shall estimate respectively the following terms on the right-hand side of (3.19 
| 7 |<AT
The proof of Lemma 3.2 is complete.
• Next, we obtain the following theorem. Proof. First, we note that, if the data K satisfy
where K», A*, Ku are fixed positive constants. Therefore, the a priori estimates of the sequences {um} and {Pm} in the proof of theorem 2.4 satisfy
where CT is a constant depending only on T, uo, û\, F, g, k, p, q, a, K*, A*, Ku (independent of K ). Hence, the limit (u, P) in suitable function spaces of the sequence {(um, Pm)} defined by (2.4), (2.48), (2.49) is a weak solution of the problem (1.1)-(1.5) satisfying the a priori estimates (3.32)-(3.34). By multiplying the two sides of (3.6)i with v', and after integration in t, we find without difficulty from Lemma 
